Abstract. The purpose of this paper is to prove some fibre Picard operator principles in gauge spaces. As application, the differentiability with respect to parameters of the solution of a Volterra functional-integral equation is discussed.
Introduction
Throughout this paper we shall follow the standard terminologies and notations in Nonlinear Analysis. For the convenience of the reader we shall recall some of them.
Let X be a nonempty set and T : X → X an operator. Then T 0 := 1 X , T 1 := T , T n+1 := T • T n , n ∈ N , denote the iterate operators of the operator T . Also, by F T := {x ∈ X|T (x) = x} we will denote the fixed point set of the operator T .
By (X, →) we will denote an L-space. For example, Hausdorff topological spaces, metric spaces, generalized metric spaces (in Perov' sense: d(x, y) ∈ R m + , in Luxemburg-Jung' sense: d(x, y) ∈ R + ∪ {+∞}, d(x, y) ∈ K, K a cone in an ordered Banach space, d(x, y) ∈ E, E an ordered linear space with a notion of linear convergence, etc.), 2-metric spaces, D-R-spaces, probabilistic metric spaces, gauge spaces, syntopogenous spaces, have a natural structure of L-spaces ( [2, 4, 6, 9, 11, 14, 15, 21, 27, 28, 30] ). For more details see M. Fréchet [16] , L. M. Blumenthal [10] and I. A. Rus [26] .
In this paper, we need the following notions (I. A. Rus [26] ):
Definition 1.2. Let (X, →) be an L-space. An operator T : X → X is a weakly Picard operator (briefly WPO) if the sequence (T n (x)) n∈N converges for all x ∈ X and the limit (which may depend on x) is a fixed point of T .
If T : X → X is a WPO, then we may define the operator
T is a PO and we denote by x * its unique fixed point, then
The following open problem was posed by I. A. Rus (see [26, Problem 10.5 
]):
Fibre Picard operator problem. Let (X,
Consider the triangular operator A defined as follows:
In which conditions A is a PO ?
The purpose of this paper is to give some answers to this problem in gauge spaces. As application, the differentiability with respect to parameters of the solution of a Volterra functional-integral equation is discussed.
Fibre Picard operator problem
To our knowledge, the first contribution in this respect belongs to M. W. Hirsch, C. C. Pugh in [19] (see also M. W. Hirsch, C. C. Pugh, M. Shub [20] and I. C. de Oliveira [23] ). Theorem 2.1 (Hirsch-Pugh [19] ). Let (X, d), (Y, ρ) be two metric spaces. Let B : X → X be an operator having an attractive fixed point p ∈ X. Let C : X × Y → Y be such that:
Let q ∈ Y be a fixed point for C(p, ·). Then (p, q) is an attractive fixed point for A. [18] , I. A. Rus [24, 25] , M. A. Şerban [30] , G. Dezsö [13] , C. Bacoţiu [6] and Sz. Andras [1, 2] .
For example, we have:
Theorem 2.2 (I. A. Rus [24] ). Let (X, d), (Y, ρ) be two metric spaces. Let B : X → X and C : X×Y → Y be two operators. Consider A : X×Y → X×Y , defined by A(x, y) := (B(x), C(x, y)). Suppose that:
Then A is a WPO. Moreover, if B is a PO, then A is a PO too.
Throughout this paper, a gauge space is a set endowed with a gauge structure induced by a family {d i : i ∈ I} of pseudo-metrics, where I is a directed set. The basic definitions and properties of gauge spaces may be found, for example, in [14] .
For our first main theorem we need some auxiliary results.
where
. It is easy to check that
we obtain that y n → y ⋆ , as n → ∞.
In the second part of this section we will extend Theorem 2.5 by using a Hadžić-Stanković type condition (see [17] ). Lemma 2.6. Let (X, (d i ) i∈I ) be a sequentially complete Hausdorff gauge space, j : I → I and let T, T n : X → X be operators such that:
(i) the sequence (T n ) n∈N pointwise converges to T ; (ii) for every i ∈ I there exists α i ∈ R + such that
for all x, y ∈ X; (iii) for every i ∈ I there exists m i ∈ N such that for m ≥ m i we have
for all x ∈ X, n ∈ N and m ≥ 0;
we obtain that y n → y ⋆ as n → ∞.
Another extension of Theorem 2.5 relies on the notion of ϕ-contraction in gauge spaces (see V. Angelov [3] ).
The following result generalize the fiber ϕ-contraction theorem given by M. A. Şerban [30, 31] . We first need a definition and some preparatory results.
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Definition 2.9 (V. Berinde [7, 8] (i) ϕ is monotone increasing; (ii) there exist two numbers k 0 , α, 0 < α < 1, and a convergent series of nonnegative terms
For some examples of (c)-comparison functions see [8] .
Lemma 2.10 (V. Berinde [7, 9] ). If ϕ :
(a) ϕ(t) < t, for each t > 0; (b) ϕ is continuous in 0; (c) the series ∞ k=0 ϕ k (t) converges for each t ∈ R + ; (d) the sum of the series s(t) = ∞ k=0 ϕ k (t) is monotone increasing and continuous in 0; (e) (ϕ n (t)) n∈N converges to 0, as n → ∞, for each t > 0.
Lemma 2.11. Let (X, (d i ) i∈I ) be a sequentially complete Hausdorff gauge space, j : I → I, ϕ i : R + → R + , i ∈ I, are (c)-comparison functions and let T, T n : X → X be operators such that:
(i) the sequence (T n ) n∈N pointwise converges to T ; (ii) for each i ∈ I the function ϕ i is subadditive, i.e.
This relation suggests to consider the operator
with t ∈ R, λ ∈ J. In this way we have the triangular operator A : X × X → X × X, defined by A(x, y) := (B(x), C(x, y)).
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From (iii) it follows that C(x, ·) : X → X, x ∈ X, are contractions. Indeed, we have
for all x, y, z ∈ X. In this case, we can choose τ > 4M and so the operator B and the operators C(x, ·) are contractions. Using Theorem 2.5 we conclude that the operator A is PO and the sequences x n+1 (t, λ) = ∂K ∂λ (t, s, x n (s, λ), x n (h(s), λ), λ) ds + ∂g ∂λ (t, λ) (t ∈ R, λ ∈ J) converge uniformly on each compact of R × J to (x ⋆ , y ⋆ ) ∈ F A , for all x 0 , y 0 ∈ X. But for fixed x 0 , y 0 ∈ X such that y 0 = ∂x 0 ∂λ we have that y 1 = 
